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Early history of the “inverse cascade” 

Batchelor, G. K. (1953), The Theory of Homogeneous Turbulence:  
Iden8fies the cause of inverse energy transfer: simultaneous 
conserva8on of enstrophy and energy.  Predicts that the 
mo8on of the energy “centroid” will be toward progressively 
larger scales. 

Fjorto7, R., (1953), Tellus, 5, 225 (Also see Merilees and H. Warn, 1975):  
Precise and general limits on the spectral redistribu8on of energy.  Does 
not present a theory of cascade.  Does not make predic8ons or 
assump8ons about equilibrium or non‐equilibrium sta8onary states. 

Kraichnan, R. H. (1967), Phys. Fluids, 10, 1417 (Also Leith, Batchelor):  
Calculates sta8s8cal equilibrium (following T.D. Lee), revisits Fjorto0 
argument and advances the concept of a “dual cascade” with two 
iner8al subranges with dis8nct power‐laws. 

Onsager, L. (1949), Nuovo Cimento, Suppl. 6, 249:  
Sta8s8cal equilibrium of point vor8ces – nega8ve temperature 
states and explana8on of persistent large‐scale mo8ons in 2D fluid 
flow 



Fjørto0: three‐scale energy transfer 

k2  k3 k1 

Rela8onship between spectra: 



Arbitrarily many scales 



A statement of Fjorto0’s general result 

•  The frac8on of energy, F(t), that can be found 
above some               is bounded: 



Centroid Inequali8es 

[Nazarenko, Quinn, 2010. IUTAM 
Symposium on Turbulence in the 
Atmosphere and Oceans, pp. 265] 

Energy centroid: 

Enstrophy centroid: 

Invariant wavenumber: 

Cauchy‐Schwarz Inequality: 



Gyrokine8c “phase space cascade”: 
Physics of nonlinear phase mixing 



2D Gyrokine8cs: 
Nonlinear phase‐mixing and not much 

else. 

“Gen. Free Energy”: 

“Electrosta8c Energy”: 

* [G. G. Plunk, et al., (2010). J. Fluid Mech., 664, pp 407‐435] 



Phase‐space spectrum 

Hankel & Fourier Transform: 



Spectral Transfer 

“Electrosta8c Energy”: 

Constraint: 

“Free Energy”: 



Inverse cascade of E 



Flavors of dual cascade: 
Local forward, Nonlocal inverse 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Flavors of dual cascade: 
Local forward, Local inverse 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Flavors of dual cascade: 
Dual forward 

“Sub‐Larmor damping” 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Zonal flows 

Williams, G. P. 1978. J. Atmos. Sci. 35, 1399–
1426. 
See also: G. K. Vallis., Atmospheric and 
Oceanic Fluid Dynamics, pp. 381  

Anisotropic inverse cascade by the linear “Β‐effect” or  “cri8cal balance” in the inverse 
cascade 

Hasegawa, A. & Mima, K. 1978 

Generalized Hasegawa Mima (GHM) 

* [Plunk, et al., in preparaQon (2011)] 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1 GHM preliminaries

∂t(τϕ̃−∇2ϕ) + {ϕ, τϕ̃−∇2ϕ} + v∗∂yϕ̃ = L∗ϕ̃ (1)

E(k) =
1
2

(
τ̃ + k2

)
|ϕ(k)|2 (2a)

Z(k) =
1
2

(
τ̃ + k2

)2 |ϕ(k)|2 (2b)

Z(k)
E(k)

= q2 = τ̃ + k2 (3)

2 Proof of need for zonal damping in GHM turbulence

Turbulent equilibrium satisfies energy and enstrophy balance:

dE

dt
=

∑
γ(k)E(k) = 0 (4)

dZ

dt
=

∑
q2γ(k)E(k) = 0 (5)

Partition system by q(k): Zonal flows live at q < 1. Instability exists from 1 to qcut,
damping at larger q. Energy and enstrophy balance becomes

εZ =
∑

k: q<1

|γ(k)|E(k) (6)

εp =
∑

k: 1<q<qcut

γ(k)E(k) (7)

εD =
∑

k: qcut<q

|γ(k)|E(k) (8)

1

ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

Wϕ (25)

Wψ (26)

6 Gyrokinetics at k2ρ2 $ 1

dg

dt
+ {(1 +

v2

4
∇2 +

v4

64
∇4)ϕ, g} = 0 (27)

τϕ̃− (∇2 +
3
4
∇4)ϕ = 2π

∫ ∞

0
vdv(1 +

v2

4
∇2 +

v4

64
∇4)g (28)

Quasi-singular relationship between ϕ and g:

ϕ ∼ k−2
∫

vdv g (29)

ϕ0 ∼ g1, ϕ1 ∼ g2, etc. (30)

7 Asymptotic expansion and fluid moment hierarchy

Define:

ψ = 2π

∫
vdv

v2

4
g (31)

and

χ = 2π
∫

vdv
v4

8
g (32)

3

kx

ky

τ1/2

τ1/2

0

I

II

FIG. 1: Scales in the MHM inverse cascade: In region I, k > τ 1/2, the inverse cascade is

equivalent to that of two-dimensional NS; energy is transfered isotropically from small to

large scales. For wavenumbers with k ∼ τ 1/2, energy continues to flow to large scales, but

now with a preference toward the zonal component (ky = 0, below the dashed line). For

region II, k < τ 1/2, the inverse cascade becomes strongly anisotropic, energy flows mostly

into the long-wavelength zonal component (the shaded part of region II) and the inverse

cascade into the non-zonal component becomes weak. All of this may be summed up by

the statement that energy flows from large to small q, with the smallest values of q

corresponding to the long-wavlength zonal component, kx < τ 1/2.

A. Finite ion temperature

For the WI system, inverse cascade is not expected. This is because the E-spectrum and

X-spectrum of the WI system do not mutually constrain one another; the fields ϕ and ψ

are independent and a relationship like equation 8 does not hold. In section V, we will see

the consequences of this fact in more detail. First, let’s investigate the issue of zonal flow

generation from the perspective of secondary instability.

IV. SECONDARY INSTABILITY

Secondary instability (along with closely related modulational instability) has been stud-

ied in the MHM limit [2, 14] and also allowing arbitrary τ [11, 15]. It has been used to

explain saturation of turbulence excited by a “primary” instability drive. It has also been

8

kx 

ky 



εp = εZ + εD (9)

q2
pεp = q2

ZεZ + q2
DεD (10)

where

qZ < qp < qD (11)

Non-trivial solution requires εp, εZ , εD != 0. In particular, no zonal damping means no
saturated state!

3 Laguerre Spectrum

g =
1
2π

∞∑

n=0

gnLn(u)e−u (12)

u = v2
⊥/2 (13)

Wg = 2π

∫
du

g2

F0
(14)

F0 =
1
2π

e−u (15)

Wg = 2π

∫
du

g2

F0
=

∞∑

n=0

g2
n = W0 + W1 + W2 + ... (16)

4 Spectral methods for gyrokinetics

ϕ̂(k) = β(k)
∞∑

n=0

ĝn

n!k

(
k2

2

)n

e−k2/2 (17)

5 Regulated dual cascade

Wg = W0 + W1 + W2 + ... (18)
= W ′

0 + W ′
1 + W2 + ... (19)

W ′
0 = Wϕ, W ′

1 = Wψ, W ′
2 = W2, ... (20)

2

Zonal flow regula8on by dual 
“cascade” (k2ρ2 << 1) 

[Plunk, Tatsuno, PRL 106, 165003 (2011) arXiv:1007.4787] 

ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

3

Orthogonalize:  ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

q2 ≈
{

k2 for zonal flows
τ for non-zonal fluctuations

(25)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (26)

q2 ∼ k2, for zonal flows (27)

q2 ∼ τ̃ , for fluctuations (28)

Wϕ (29)

Wψ (30)

6 Gyrokinetics at k2ρ2 % 1

dg

dt
+ {(1 +

v2

4
∇2 +

v4

64
∇4)ϕ, g} = 0 (31)

τϕ̃− (∇2 +
3
4
∇4)ϕ = 2π

∫ ∞

0
vdv(1 +

v2

4
∇2 +

v4

64
∇4)g (32)

Quasi-singular relationship between ϕ and g:

ϕ ∼ k−2
∫

vdv g (33)

ϕ0 ∼ g1, ϕ1 ∼ g2, etc. (34)

3

ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

q2 ≈
{

k2 for zonal flows
τ for non-zonal fluctuations

(25)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (26)

q2 ∼ k2, for zonal flows (27)

q2 ∼ τ̃ , for fluctuations (28)

Wϕ (29)

Wψ (30)

6 Gyrokinetics at k2ρ2 % 1

dg

dt
+ {(1 +

v2

4
∇2 +

v4

64
∇4)ϕ, g} = 0 (31)

τϕ̃− (∇2 +
3
4
∇4)ϕ = 2π

∫ ∞

0
vdv(1 +

v2

4
∇2 +

v4

64
∇4)g (32)

Quasi-singular relationship between ϕ and g:

ϕ ∼ k−2
∫

vdv g (33)

ϕ0 ∼ g1, ϕ1 ∼ g2, etc. (34)

3

Effec8ve wavenumber that governs dual cascade: 

ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

3

Free energy can be re‐expressed: 
Fjorto0 Argument: 

εp = εZ + εD (9)

q2
pεp = q2

ZεZ + q2
DεD (10)

where

qZ < qp < qD (11)

Non-trivial solution requires εp, εZ , εD != 0. In particular, no zonal damping means no
saturated state!

3 Laguerre Spectrum

g =
1
2π

∞∑

n=0

gnLn(u)e−u (12)

u = v2
⊥/2 (13)

Wg = 2π

∫
du

g2

F0
(14)

F0 =
1
2π

e−u (15)

Wg = 2π

∫
du

g2

F0
=

∞∑

n=0

g2
n = W0 + W1 + W2 + ... (16)

4 Spectral methods for gyrokinetics

ϕ̂(k) = β(k)
∞∑

n=0

ĝn

n!k

(
k2

2

)n

e−k2/2 (17)

5 Regulated dual cascade

Wg = W0 + W1 + W2 + ... (18)
= W ′

0 + W ′
1 + W2 + ... (19)

W ′
0 = Wϕ, W ′

1 = Wψ, W ′
2 = W2, ... (20)

2
n=0 

zonal 

non‐zonal 

n=1 

n=2 

{ 

n=… 

E 

W 



ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

Wϕ (25)

Wψ (26)

6 Two-field gyrofluid model

∂ϕ

∂t
+ B−1{ϕ, τϕ̃−∇2ϕ}+ B−1N2[ϕ, T⊥] = A11ϕ̃ + A12T̃⊥ (27)

∂T⊥
∂t

+ {ϕ, T⊥}+ {∇2ϕ, 2T⊥ − τϕ̃/2} = A22T̃⊥ + A21ϕ̃ (28)

where

B = τ̃ −∇2 (29)

N2[ϕ, T⊥] = ∇2{ϕ, T⊥} (30)

+ {∇2ϕ, T⊥}−∇ 2{ϕ, ∇2T⊥} (31)

ω =
ky

2

(
v∗ ±G

√
(k/kw)2 − 1

)
− ı̇νD(k) (32)

T̂⊥
ϕ̂

= R0[sin(φ0)
√

(k/kw)2 − 1 + cos(φ0)] (33)

3

Two‐field gyrofluid model of ITG 
turbulence 

These linear operators model ITG 
instability, diamagne8c frequency, 
models of kine8c damping and 
collisional dissipa8on.  

ϕ̂ = aĝ0 + bĝ1 (20)

ψ̂ = bĝ0 − aĝ1 (21)

q2 ≡Wϕ(k)/E(k) =
τ̃ + k2

1− k2 + k4/2
, τ̃ = τ(1− δ(ky)) (22)

q2 ∼ k2, for zonal flows (23)

q2 ∼ τ̃ , for fluctuations (24)

6 Two-field gyrofluid model
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+ B−1{ϕ, τϕ̃−∇2ϕ} + B−1N2[ϕ, T⊥] = A11ϕ̃ + A12T̃⊥ (25)

∂T⊥
∂t

+ {ϕ, T⊥} + {∇2ϕ, 2T⊥ − τ̃ϕ} = A22ψ̃ + A21ϕ̃ (26)

where

B = τ̃ −∇2 (27)

N2[ϕ, T⊥] = ∇2{ϕ, T⊥} + {∇2ϕ, T⊥}−∇ 2{ϕ, ∇2T⊥} (28)
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, τ̃ = τ(1− δ(ky)) (22)
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q2 ∼ τ̃ , for fluctuations (24)

6 Two-field gyrofluid model

∂ϕ

∂t
+ B−1{ϕ, τϕ̃−∇2ϕ}+ B−1N2[ϕ, T⊥] = A11ϕ̃ + A12T̃⊥ (25)

∂T⊥
∂t

+ {ϕ, T⊥}+ {∇2ϕ, 2T⊥ − τ̃ϕ} = A22ψ̃ + A21ϕ̃ (26)

where

B = τ̃ −∇2 (27)

N2[ϕ, T⊥] = ∇2{ϕ, T⊥} (28)

+ {∇2ϕ, T⊥}−∇ 2{ϕ, ∇2T⊥} (29)

ω =
ky

2

(
v∗ ±G

√
(k/kw)2 − 1

)
− ı̇νD(k) (30)
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6 Two-field gyrofluid model

∂ϕ

∂t
+ B−1{ϕ, τϕ̃−∇2ϕ}+ B−1N2[ϕ, T⊥] = A11ϕ̃ + A12T̃⊥ (25)

∂T⊥
∂t

+ {ϕ, T⊥}+ {∇2ϕ, 2T⊥ − τ̃ϕ} = A22ψ̃ + A21ϕ̃ (26)

where

B = τ̃ −∇2 (27)

N2[ϕ, T⊥] = ∇2{ϕ, T⊥} (28)

+ {∇2ϕ, T⊥}−∇ 2{ϕ, ∇2T⊥} (29)

ω =
ky

2

(
v∗ ±G

√
(k/kw)2 − 1

)
− ı̇νD(k) (30)

T̂⊥
ϕ̂

= R0[sin(φ0)
√

(k/kw)2 − 1 + cos(φ0)] (31)

3

Hand‐tuned linear model: 

8 Two-field gyrofluid model

∂ϕ

∂t
+ B−1{ϕ, τϕ̃−∇2ϕ}+ B−1N2[ϕ, T⊥] = A11ϕ̃ + A12T̃⊥ (50)

∂T⊥
∂t

+ {ϕ, T⊥}+ {∇2ϕ, 2T⊥ − τϕ̃/2} = A22T̃⊥ + A21ϕ̃ (51)

where

B = τ̃ −∇2 (52)

N2[ϕ, T⊥] = ∇2{ϕ, T⊥} (53)

+ {∇2ϕ, T⊥}−{ ϕ, ∇2T⊥} (54)

ω =
ky

2

(
v∗ ±G

√
(k/kw)2 − 1

)
− ı̇νD(k) (55)

T̂⊥
ϕ̂

= R0[sin(φ0)
√

(k/kw)2 − 1 + cos(φ0)] (56)
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Steady State Energies vs. R0 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1.4 Non-zonal energy

Zonal energy

( Nonlinear criQcal R0 ) 



Electrosta8c Poten8al 

R0 = 1.2 R0 = 0.85 

x (radial direc8on)  x (radial direc8on) 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Concluding Remarks 

•  Nonlinearity in Gyrokine8cs conserves two 
quan88es 

•  Dual cascade can induce upscale or downscale 
transfer of (electrosta8c) energy, depending on 
ini8al excita8on 
– Dis8nguishes GK turbulence from fluid turbulence 

•  Nonlinear zonal flow regula8on by dual cascade 
– Appears by simple arguments in GHM turbulence 
– More sophis8cated in gyrokine8cs – direc8on of 
energy flow can be reversed! 

•  Open ques8on: How do we tailor the drive to 
control the dual cascade (control transport)? 


